Results concerning the global existence and uniqueness of mild solutions for a class of first-order abstract stochastic integro-differential equations with variable delay in a real separable Hilbert space in which we allow the nonlinearities at a given time t to depend not only on the state of the solution at time t, but also on the corresponding probability distribution at time t are established.
INTRODUCTION
We investigate the global existence and uniqueness of mild solutions for a class of abstract delay integro-differential stochastic evolution equations of the general form 
) ( ) probability distribution of ( ), Stochastic partial functional differential equations with finite delay naturally arise in the mathematical modeling of phenomena in the natural sciences (see [35, 39] ). A recent survey article [21] recounts the work on such problems in the finite dimensional setting during the past 3 decades. Researchers have recently begun to extend this work to infinite dimensional stochastic evolution equations with delay (see [17, 25] ). Such work is relevant since dynamical systems with memory can lead to a random integro-differential equation of this type (cf. [11, 22, 23, 27] ).
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It is known that if the nonlinearities i f and i g do not depend on the probability distribution ( ) t  of the state process, then the process described by (1.1) is a standard Markov process [1] .
Numerous papers and books devoted to the formulation of theory of such equations have been written over the past 2 decades (see [12, 18, 22] ). The introduction of the dependence on ( ) t  is not superficial and, in fact, such problems arising in the study of diffusion processes have been studied extensively in the finite dimensional setting [13, 14, 28] . Ahmed and Ding [1] established an abstract formulation of such problems in a Hilbert space. Subsequently, Keck and McKibben [24] considered a Sobolev-type variant of the equation considered in [17, 26, 32] and more recently, have extended this theory to a class of integro-differential stochastic evolution equations with finite delay related to (1.1) under Lipschitz growth conditions (see [25] ). This was the first attempt at developing a general theory of abstract McKean-Vlasov equations with delay.
The results presented in the current manuscript constitute a continuation and generalization of those in [1, 15, 17, 20, 25, 35, 40] in two ways. For one, we incorporate a so-called variable delay function (as in [17, 25] ) into (1.1). And two, more importantly, we replace the Lipschitz growth conditions by more general Caratheodory-type conditions of the type introduced by [31] and subsequently adapted in [6, 17] . The point of interest here is that the convergence scheme used in the proof still enables us to conclude uniqueness without any additional restriction on the operator A or on the kernels. As such, the results in the references mentioned above are recovered as corollaries of the main results in this manuscript.
The following is the outline of the paper. First, we make precise the necessary notation, function spaces, and definitions, and gather certain preliminary results in Section 2. We then formulate the main results in Section 3, while we devote Section 4 to a discussion of some concrete examples.
PRELIMINARIES
For details of this section, we refer the reader to [12, 18, 29, 30, 34, 38] 
It is has been shown that   
We now make precise the notions of mild and strong solutions for (1.1). 
for all a.s. 
for all a.s.
Clearly, a strong solution is also a mild solution. Situations in which the converse also holds are discussed in [12, 20] . 
where   
generates such an evolution operator are outlined in [30] . Such conditions apply to a large class of hyperbolic and parabolic equations (see [30, 40] ). We remark that a mild (resp. strong) solution of (2.2) on   0,T is a continuous stochastic process satisfying Definition 2.1 (resp. 2.2) with ( ,0) x U t in place of ( ) S t and ( , )
In order to establish the main results of the manuscript, we shall need various inequalities and estimates. For one, in addition to the familiar Young, Hölder, and Minkowski inequalities, the standard convexity-type inequality of the form
where i a is a nonnegative constant ( 1, . . . , i n  ), and , m n   , is frequently used. Proposition 1.9 in [20] , and variations thereof (for the delay case), are used in conjunction with (2.7) to establish critical estimates in this manuscript. We recall it here without proof.
Finally, the following generalization of Theorem 2.4.3 in [29] is crucial in the proof of the main existence result. Its proof follows by making natural modifications to the proof of Theorem 2.4.3
and will be omitted. 
Lemma 2.4 Let F, f, g, and h be non-negative continuous functions on
and ( ) r t is the maximal solution to the initial-value problem
0.
t r t h t G t a t p t r t G s a s p s r s ds
t T r                   (2.8)
MAIN RESULTS
The following are the main hypotheses assumed throughout the manuscript.
(A1) A is the infinitesimal generator of a 0
F -measurable mappings satisfying:
  , , Y t   is continuous, monotone non-decreasing, and concave, for every
(ii) There exists
, 
t y t z g t y t z Z t y y z z t T y y C z z H
is locally integrable, for every
  , Z t  is continuous, monotone non-decreasing, and concave, for every 0 t T   , and ( , 0) 0, for every 0 ,
where C is a positive constant, then Also, the following example provided in [6] can be shown to satisfy (A5) using the Bihari 
S t t T x t t r t
, Applications of Hölder's inequality, in conjunction with (A1), (A2), and Lemma 2.3, further yield the following estimates:
Using (3.6) -(3.10) in (3.5), along with (A3) and (A5), gives rise to 
By choice of 0 u in (3.2), we know that the solution u to (3.2) satisfies
In view of (3.13), we can continue the string of inequalities in (3.11) to further conclude that 
14)
The continuity of the semigroup, with (A4), guarantees the existence of a positive constant such that
Also, for all 0 , s t   we have
Consequently, using (3.15) and (3.16) in (3.14) yields
The continuity of u and Y  guarantees the existence of Using the formulae in (3.1), along with (A3) and (A5)(ii), gives rise to
Then, the triangle inequality, together with (3.4), implies 
so that we can use this estimate to conclude that (3.18) holds due to the monotonicity of Z.
The next step is to define the following two sequences on   2 0,T :
The continuity of Z ensures the existence of
We assert that for all , 1 m n  , the following string of inequalities holds:
, for all 0 .
To verify this claim, let 1 m  and proceed by induction on n. Observe that (3.18) implies
and then, using the computations leading to (3.18), along with the monotonicity of Z, yields
for all 2 0 t T   . But then, using (3.21) and (3.23) together yields (again due to the
for all 3 0 t T   . Hence, from (3.25) and (3.26), we see that
The same approach can be used to easily establish the inductive portion of the proof, thereby enabling us to conclude that (3.24) holds, as desired.
As a consequence of (3.24), we deduce that     n   is a decreasing sequence in n, and that for
is an increasing continuous function of t. Therefore, the following function is well-defined:
Observe that  is nonnegative and continuous,   0 0   , and
Hence, from (A5)(ii)(d), we deduce that 0 Finally, we must prove that  is, in fact, the probability distribution of x  . To this end, let
denote the probability distribution of x  and define the map 2 2 : , it is the case that
Using (3.29) in (3.30), we have for all r c T    ,
It remains to prove that  has a unique fixed point in 2 C  . Let 
We deduce from Lemma 2.4 that there exists
where ( ) r t is the maximal solution to (2.8) . From Remark 3.1(iii), we are guaranteed the existence of ( ) ( , ) ( , ), 0 , The next result establishes a convergence scheme in which we define an appropriate sequence of strong solutions which converges to the mild solution of (1.1). Proof. For each 1 
We deduce from Lemma 2. The motivation and relevance of considering initial-value problems with such conditions was first discussed for abstract deterministic Cauchy problems by Byszewski [8, 9] , and subsequently for related equations in recent years (see [2, 25] and the references therein). For related work on deterministic delay equations with nonlocal initial conditions, we refer the reader to [4] .
A continuous H-valued process x is a mild solution of (1. 
